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Abstract The purpose of this paper is to study the subharmonic wave propagation in
GexShao-xSego with composition 12, 25 and 30 at.%, synthesized from elements with 5N purity
(Ge, Sh, Se) by the conventional melt-quenching method. The plate has a Cantor-like
structure. The subharmonic generation of waves is due to the fractal features of chalcogenides
with spectral scalability that lead to a nonlinear superposition of waves in both phonon and
fracton vibration regimes.
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1. INTRODUCTION

Craciun et al. [1] and Allipi et al. [2-4] show experimental evidence of extremely low thresholds
for subharmonic generation of ultrasonic waves (SWG) in one-dimensional artificial piezoelectric
plates with Cantor-like structure, as compared to the corresponding homogeneous and periodical
plates. This phenomenon was explained by an anharmonic coupling between the extended-vibration
(phonon) and the localized-mode (fracton) regimes. They demonstrate that the large enhancement of
non-linear interaction results from the more favourable frequency and spatial matching of coupled
modes (fractons and phonons) in the Cantor-like structure. This paper addresses a concrete resolution
of this problem by solving the nonlinear equations which govern the phenomenon by a generalization
of Fourier series which uses the cnoidal wave as the fundamental basis function [8-10]. The cnoidal
waves are much richer than sine waves, i. e. the modulus m of the cnoidal wave (0<m<1) can be

varied to obtain a sine wave (m=0), Stokes wave (m=0.5) or soliton (m=1) .We provide

theoretically the existence of multiple fracton and multiple phonon-mode regimes in the displacement
field for a piezoelectric plate with Cantor-like structure. The nonlinear wave motion is a linear
superposition of cnoidal waves plus additional terms which include nonlinear interactions among the
waves. The nonlinear interactions among the cnoidal wavesl are significant for the explanation the
draining of the energy away from the input wave towards low frequencies spectrum.

Chalcogenide glasses studied in this paper are based on thin films GexShsoxSeso with
composition 12, 25 and 30 at.%, synthesized from elements with 5N purity (Ge, Sb, Se) by the
conventional melt-quenching method. The glasses are characterized by highly optical nonlinear
properties. The electronic and structural properties are introduced, and the influence of the Urbach
energy in estimating of the nonlinearity in the optical properties of these glasses is discussed. The
analysis is performed with respect to the Urbach parameter that quantifies the degree of crystallinity
of the structure.
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In the nanoscale range, the electrocatalyst is focused of two reactions related to the
electrochemistry of hydrogen and oxygen reactions [23]. The principles of electrochemistry and
electrocatalysis are associated to the catalytic chalcogenides as well as different supports, covering
the properties of this class of electrocatalysts from the bottom-up approach to the applications. We
refer to the low-temperature fuel cell systems, such as the microfluidic fuel cells for portable devices.
The basic ideas behind materials is the design from cluster to cluster compounds providing the current
research progress [24-27].

The nanoindentation results show that both the elastic modulus and the hardness increase
because of the enhancement of connectivity. The elastic modulus increases with frequency indicating
the dominance of the viscous part, while loss modulus and internal friction are low in the binary
system than the quaternary system. The indentation fracture toughness increases from binary to
quaternary glass because of cracks [28-30].

2. FORMULATION OF THE PROBLEM

An artificial one-dimensional Cantor structure was constructed by Craciun et al.[1] and Alippi
et al. [2]. We consider the same sample using a triadic Cantor sequence up to the fourth generation
(31 elements). The length of the plate is L, the width of the smallest layer is L/81 and the thickness
of the plate is h.
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Fig. 1. The Cantor-like plate.

We consider a composite plate formed by alternating elements of chalcogenide material
GexSh40-xSe60 with composition 12, 25 and 30 at.%, synthesized from elements with 5N purity (Ge,
Sh, Se) by the conventional melt-quenching method and the resin, following a triadic Cantor sequence
(Fig.1).

The ternary chalcogenide GeSbSe glasses were proposed for the development of optoelectronic
devices due to their thermal, mechanical and chemical properties [5-7, 11]. Chalcogenide layers can
be obtained by different deposition methods. The melting and evaporation properties of these
materials depend to a very large extent on the completeness of the chemical reaction. By varying the
chemical composition of GeSbSe thin films, the network undergoes structural changes reflected in
the structural phase transformations [12-14], in the effect of doping Sb on the electronic structure [15]
and in the threshold transition in the physical parameters [16]. The presences of Sb and Se have
strengthened in the material generated stable SbSe bonds and cross-linkages in GeSe-ShSe structural
chains [17-19] with a material very versatile informing.

Important applications of ternary chalcogenide GeSbSe thin films are the lenses based on
infrared-transmitting [20], the ultrafast optical signal processing [21], the miniaturization and
increased sensor fusion [22] and as support for multispectral 3D imaging in minimally invasive
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surgery [23]. In this paper, the samples with composition 12, 25 and 30 at% were measured by
Lambda 950 Spectrophotometer.

Chalcogenide glasses and their electronic, structural, and photoinduced properties are
introduced in [24]. Techniques to characterize the linear and nonlinear optical properties of these
glasses are introduced and used to measure the optical constants of chalcogenide glasses in the form
of bulk, thin film and fiber. The possibilities of fabricating passive and active devices are presented.

A novel application of chalcogenide glasses, namely all-optical switching for the fabrication of
efficient femtosecond switches, is introduced. Finally other applications of chalcogenide glasses, such
as optical limiting, second-harmonic generation, fabrication of rib and ridge waveguides and of fiber
gratings, optical regenerators and the possibility of using these glasses in all-optical nonlinear
integrated circuits and the possibility of enhancing optical nonlinearities by inclusion of nanometals,
are discussed in some detail.

The influence of the Urbach energy in estimating of nonlinear optical properties of these glasses
is discussed in this paper. The Urbach edge arises from fluctuations of short-distance forces in
chalcogenides. The weak tail that appears in the absorption diagram can be described by antibonding
states of wrong connections Ge-Ge or Se-Se that produce unoccupied states in the conduction band.

The analytical proof of the existence of solitary surface waves for a free nonlinear semi-infinite
isotropic piezoelectric medium was obtained by Kapelewski and Michalec [8]. Following this work

we introduce the functions &, and ¢ having this particular form

§=¢,sech(cn), ¢=—277,

7 = (71, + D sech(em) expCMEY) g

@
where 7 =x, —vt, Vv the velocity of wave.
This result plays an essential role in our analytical and numerical experiments to determine the
unknown functions ,y and ¢ . Observations show that a general solution for &, and ¢ may be
written in terms of the 0 - function representation [9, 10]

fp(x,t):éojTlog@n(m,nz,-.-,nn)
(I)(X t)= (I)o IOg@ (nl’nz’ TR ) (1)

2

a
y(x,t) = \Vo@ log®,(n,, My, M,)

where z = z, and

00

© (1,1, 1,) = Z exp(ZzM n+z ZM B M) (2)

M, =—o0 J=1 L_/ =1
i<i<n

Here n is the finit number of degrees of freedom for a particular solution of the problem. The
n phases are given by

nj:k:jac—wt—l—ﬁj, 1<j<n, (3)
where k, are the wave numbers, w, the frequencies and B, the phases.

Osborne [10] demonstrates a theorem which allow us to write the @- function solution in the
form
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2

(%) =y =109, (1) = i () + 3 1), (4)

where &=,¢,%, m=[nm,.m,] and
0? 0° F (n,C))

&cn(n)=dom|09(3 M), &i(n):doﬁloga"‘ G (1) (5)
with
F(n,C):ZCexpGMn+%MTDM), C:exp(%MTDM)—l,

e

G(n)=2exp(iMn+%MTDM). (6)
e
We note that

Mn=Kx+Qt+A K=MKk , Q=Mwo , A=Mp, ©)

where k =[kk,..K.] , o=[0,0,..0,] , B=[BB,-B,] and M =[MM,..M ].

In the @-function representation the amplitude of the cnoidal waves at each wave number or
frequency constitutes the nonlinear Fourier spectrum; each wave number or frequency is associated
with the index j, 1< j<n. These amplitudes are related to the diagonal terms in the matrix B

B.
through g; :exp7” and the off-diagonal terns of B determine the nonlinear interactions among
the spectral components &, (see (3.4)-(3.6)). The @-function (2) in vector form is given by [10]
O(x,1) =ZCM exp(iMn), C,, =exp(%MTBM), (8)
M

The later expression (3.8) looks like ordinary Fourier analysis [10]. The following boundary
conditions

®(0,t) =) C,, exp(iQ,t-iA,), Q, =Mw, A, =M, (9)

M
is in form of a linear Fourier time series. Each term in the series correspond to a particular selection
of the vector M,, | the ordering parameter. Each M, generates particular values of the Fourier

coefficients C,,, the frequencies Q,, and the phases g, .
So, the coefficients C,, and the power spectrum P,(f,) of the &-function can be given by

C, =+/2P,(f)Af Pe(f,):exp(%MTBM). (10)
Accordingly to the Osborne theorem, the frequencies Q, are integer multiples 1, of Aw®

Q=lAo, L=)mM,, (11)
=1

where o, =mAw = Z_T_—m =2nmAf and

Q, =Q, =M w=[M},M},...M!][L2,..nNJAw=A0Y MM, (12)

m=1
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with 1<I<n__ . The number of frequencies in the spectrum is given by n_. =[(2M +1)" +1].
Partial sums over the individual indices M in (2) are taken over selected limits (M, M), so that

-(J3-)<I,£d for J= MZm =%Mn(n +1) . The integer function 1, is a space filling fractal
m=1

function of dimension2as M,n — .

Since 1951, various types of nonlinear equations with a soliton as a solution have been solved
by direct and inverse scattering theories. However, given any evolution equation, it is natural to ask
whether it can be solved in the context of the scattering theory. This question is related to the Painleveé
property. We may say that a nonlinear partial differential equation is solvable by inverse scattering
technique if, and only if, every ordinary differential equation derived from it, by exact reduction,
satisfies the Painlevé property. The Painlevé property refers to the absence of movable critical points
for an ordinary differential equation [9].

If we look to thea Schrodinger equation

@ +[A-UX,D]p =0, (13)

where ¢:R — R isadimensionless scalar field in one space coordinate X, we see that the potential
function u(x,t) contains a parameter t, that may be the temporal variable, t >0. At this point, t
is only a parameter, so that the shape of u(x,t) varies from t. Subscripts that involve x or t are

used to denote partial derivatives, for example u, =2—Ltj, u, =Z—u.
X

If the function U dependsonlyon X, a<x<b,where a and b can be infinity, the equation
(13) for imposed boundary conditionsat X=a and b, leads to certain values of the constant A (the
eigenvalues 1) for which the equation has a nonzero solution (the eigenfunctions ¢ ;(x)).

For a given function u(x), the determination of the dependence of the solution ¢ on the
parameter A and the dependence of the eigenvalues A, on the boundary conditions is known as a
Sturm-Liouville problem. The solutions of (13) exist only if the function u(x) is integrable, that is

b
I| u(x) | dx <oo. The spectrum of eigenvalues 2; is made up of two cases corresponding to A >0
a

and A<0.Thecase A=0 does notoccurif u(x)=0.

In particular, for u(x) =—2sech®x, and the boundary conditions ¢(+o0) =0 leads to the single
eigenvalue A =-1 with the associated eigenfunction ¢ =sech x. The scattering solutions of (13) are

made up of linear combinations of the functions ¢, = exp(i\/x x)(i\/x —tanh X) , and
¢, = exp(—iv/A X)(ivA +tanh X).

The solving of the Schrédinger equation (13) when the potential function u(x) is specified is
referred to as the direct scattering problem. If U dependson x and t, u=u(x,t), then we expect
the values of the A; to depend upon t. It is interesting to ask whether or not there are potential

functions u(x,t) for whichthe ; remain unchanged as the parameter tis varied.

In particular, if u=u(x+t)satisfies the linear partial differential equation u, =u, , the variation
of t has no effect upon the eigenvalues %;. Also, the eigenvalues are invariant to the variation of t
if u(x,t) satisfies the nonlinear partial differential equation

u +uu, +u,, =0, (14)

known as the Korteweg—de Vries equation (KdV) .
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Therefore, solving the KdV equation is related to finding the potentials in a Sturm-Liouville
equation, and vice versa.
The direct scattering problem is concerned with determining of a wave function ¢ when the

potential u isspecified. Determination of a potential u from information about the wave function
¢ is referred to as the inverse scattering problem.

Consequently, finding solutions to the KdV equation is related to solving the Schrodinger
equation

@ +[K* —U(X, )]0 =0. (15)
Note that in (15), t is playing the role of a parameter, k is a real or a pure complex number
ik, k>0, and the potential function u has the property u—0, |x|— .
For localized potentials u(x), all solutions of (15) will reduce to a linear combination of the
functions exp(ikx), and exp(-ikx) as |x|— .

Following Faddeev (1967), the solutions of the Schrédinger equation are expressed as linear
combinations of a solution f,(x,k) that reduces to exp(ikx), as x =0, and a solution f,(x,k)

that reduces to exp(—ikx),as X — —o0.
By definition, f(x,k) and f,(x,k) are fundamental solutions of (1.2.13) and are exact
solutions of (15) and verify

f,(x,k) = exp(ikx), x —> o0,
f,(x, k) exp(-ikx) > 1, |x| >0, (16)

f,(x,k) = exp(-ikx), X —> —oo,

f,(x,k)exp(ikx) > 1, [X|——o0. (17)

Fundamental solutions f (x,k) and f,(x,k) verify the equations
f,(x,k) = exp(ikx) —%Isin k(x—a)u(a) f,(a,K)da , (18)
f,(x,k) = exp(—ikx) —% I sink(x—a)u(a) f,(a,k)der . (29)

The homogeneous equation associated to (15), ¢"+k’p=0 ,admits the solutions
o(X) = A(x) exp(ikx) + B(x) exp(—ikx), with A, B arbitrary constants.
By applying the method of variation of constants, we obtain [9]

A) = U0 xp(-ik0). (20)

B'(x) = —iu(x)(p(x) exp(ikx) , (21)
and then, by integration, we have

A(x) = ?:Lk JX. u(a)o(a) exp(—ika)do+C, , (22)
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B(x) = —% j u(o)p(a) exp(ika)do+C, . (23)
I 0
The constants C,,C, are found

C, =1—?1kzu(a)qo(a) exp(-ika)da , (24)

1% .
C, = ! u(a)e(a)exp(ika)dea . (25)
Substitution of these expressions into ¢(x), leads to
o(x, k) = exp(ikx) —i j u(o)o(e) expik(x — a)de +% j u(a)p(a)expik(a—x)da.  (26)
I X I X

The function f, is derived in an analogous manner.

Equations (26) are the Volterra integral equations, which can be solved by an iteration
procedure. More specifically, (26) yields to the conclusion that the resulting integrals converge for
Im(k) > 0. For integral equations of Volterra, the resulting series expansion is always convergent.

Hence, the functions f,, f, are analytic in the upper half of the complex k plane. For real u(x)
and k,we have f,(x,—k)= f"(x,k),1=12, where * isthe complex conjugate operator.

From (26) we see that the functions f,(x k), f,(x,—k) are independent. The functions 6(t)
f,(x,—k) are also independent. So, there exist the coefficients c;(k), i, j =1,2, depending on k, so
that n=5,

(%K) = €y (K) £, (x,K) + G (K) ,(, k) . (27)
From the limiting form of f,(x,£k), i =1,2, we may write

f, (X, k) ~ exp(—ikx), x — —oo. (28)

3. RESULTS AND CONCLUSIONS

The results were carried out for Ge12Sbh2sSeso and Ge2sShisSesoin the 600-2400 range of the

wavelength.
Table 1. Values of optical properties n(X)and k(A) calculated by Mayer's relations versus
wavelength.
Chalcogenide layer | Wavelength Refractive index Extinction coefficient
A(nm) n(\) k(2)
600 3.272+0.001 0.296+0.001
750 3.076+0.002 0.081+0.002
Ge,,Sb,Se,, 900 2.922+0.001 0.008+0.003
1050 2.853+0.003 0.008+0.001
1200 2.815+0.004 0.012+0.004
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1350 2.791+0.002 0.013+0.002
1500 2.774+0.001 0.015+0.002
1650 2.762+0.004 0.016+0.001
1800 2.754+0.003 0.015+0.003
1950 2.746+0.001 0.015+0.001
2100 2.741+0.003 0.014+0.001
2250 2.736x0.005 0.013+0.001
2400 2.733+0.001 0.011+0.001
2500 2.730+0.001 0.010+0.002
600 3.021+0.003 0.335+0.002
750 2.815+0.004 0.061+0.003
900 2.707+0.002 0.043+0.005
1050 2.657+0.003 0.037+0.003
1200 2.629+0.003 0.033+0.002
1350 2.611+0.002 0.029+0.005
Ge,.Sh, Se,, 1500 2.599+0.005 0.026+0.001
1650 2.590+0.004 0.024+0.001
1800 2.584+0.005 0.021+0.002
1950 2.578+0.005 0.018+0.005
2100 2.573+0.004 0.015+0.001
2250 2.571+0.005 0.011+0.003
2400 2.568+0.002 0.009+0.001
2500 2.567+0.002 0.008+0.002
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Fig. 2. The amplitudes of the surface displacement for 1800 nm and 900 nm for Ge12 Sh2sSeso.
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Fig. 3. The amplitudes of the surface displacement for 2400 nm and 1200 nm for Ge12Sh2sSeso.

Table 1 presents Values of optical properties
wavelength [28, 29].

The amplitudes of the surface displacement for Gei12Sh2sSeso are shown in Figs. 2 and 3 for the
normal and the subharmonic modes.

The amplitudes of the surface displacement for Ge2sShisSeso are shown in Figs.4 and 5 for normal
and subharmonic modes.

and calculated by Mayer's relations versus
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Fig. 4. The amplitudes of the surface displacement of the normal mode and of the subharmonic

mode for Ge2sSbhi1sSeso.
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Fig.5. The normal amplitudes for two localized vibration modes for GezsSbhisSeso.
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Fig.6. The normal amplitudes for two localized vibration modes for Ge12Sh2sSeso.

5. CONCLUSIONS

In summary, the subharmonic wave propagation in a Cantor-like structure for GexSh40-xSe60 with
composition 12, 25 and 30 at.%, synthesized from elements with 5N purity (Ge, Sb, Se) by the
conventional melt-quenching method. The common glasses are made of Silicates and quartz, which
transmit in the visible range of the electromagnetic spectra the radiation. Certain applications are
found in optics, photonic and optoelectronics domain. For these applications three categories of
special glasses are identified as: Fluoride glasses such as Zirconium Fluoride (ZrF4) and Hafnium
Fluoride (HfF); Chalcogenide Glasses (CG) such as As-S, As-Se, As-Se-Te, Ge-Se-Te, Ge-As-Se; and
Heavy Metal Oxide (HMO) glasses such as GeO2-Pbo, TeO2-Pbo etc. These materials transmit in
the middle IR and far IR regions and have lower values of phonon energies and higher values of
refractive indices as compared to SiO. The subharmonic generation of waves lead to a interesting
superposition of waves in both phonon and fracton vibration regimes.
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