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Professor Dan-Alexandru Iordache passed away on Friday, January 15, 2021 in 
Longview, Texas. He was an Emeritus Professor of Physics of the University 
Politehnica of Bucharest, Romania, and a member of the Romanian Academy of 
Scientists. At the University Politehnica, he taught Physics classes for 50 years. A 
prolific researcher, he authored or co-authored over 480 publications, including 
books, conference papers, and journal papers.  
Prof. Dan-Alexandru Iordache had a strong passion for Physics education and 
volunteered much of his time teaching classes for top-performing high-school 
students and for the Romanian Physics Olympiads (local and national Physics 
contests for middle and high-school students). He supervised five times the 
Romanian student delegation to the International Physics Olympiads. His classes 
for the top-performing students were very effective, as indicated by the results of 
the Romanian students at the International Physics Olympiads.   
Prof. Dan-Alexandru Iordache with his family enjoyed playing chess and telling his 
children stories about important historical events. He loved taking his family on 
mountain-hiking trips. His focus, however, was on the education of his children. At 
home, he spent many housrs teaching his children topics that were not covered in 
school, as he sought to ensure that they learn in much depth and breadth Math and 
Physics. He taught his children to work hard and insisted that time should be used 
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well. In his leisure time, he spent time reading books. He was very interested in 
Christian books and read daily from the Bible.  
Prof. Dan-Alexandru Iordache is survived by his wife Viorica, his daughter 
Cristina and her children, and his son Marian. He and his wife were married for 52 
years. His son has been a member of the Electrical Engineering Faculty of 
LeTourneau University for the last 16 years.    
This paper this article is dedicated to the memory of Prof. Dan-Alexandru 
Iordache. The paper analyses a medium consisting of a matrix material subdivided 
by a large number of periodically spaced joints. With the help of the local 
interaction simulation approach (LISA), the travel of a pulse through the plate is 
visualized and analyzed. As it propagates, the principal pulse is reduced by 
transmission loss at each joint, but close to his arrival is a broad pulse, made up of 
multiply scattered energy, which appears to diffuse through joints. LISA yields 
result which agree well with the exact solution for the dispersion of harmonic 
waves propagating through the jointed medium.    
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1. INTRODUCTION 
 

Delsanto et al. have discussed in [1-5] the local interaction simulation approach (LISA) for the 
simulation of the ultrasonic wave propagation in materials. The LISA is efficient in conjunction 
with parallel processing, for which the plate is discretized in cells, each cell having different 
physical and mechanical properties. The cells are associated to mutually independent processors 
into a one-to -one correspondence. The material properties are assigned as initial data to each 
processor. LISA aims to teach processors how the cells react to arriving wave and how propagate to 
the neighbours. If the number of joints is large, the analytical treatment of this problem is difficult, 
therefore it is of interest to apply LISA and to see what happens when a plane wave traverses a very 
finely jointed medium. The pulse evolution through the discontinuous medium has been studied by 
Burridge and Chang [6]. They have shown the progressive broadening of the pulse and its 
increasing delay. This multimode propagation phenomenon has been first studied by O'Doherty and 
Anstey [7] and further analysed by many authors since then. 

Another way to analyse the jointed medium is the homogenisation technique. Shkoller, Maewal 
and Hegemier [8] have developed a variational principle to obtain a homogenised model. The 
multiscale techniques for homogenisation have been developed by Hegemier et al. [9] and Maewal 
[10]. The case of nonwelded-contact was considered in [11-15]. In this work we treat joints as 
planar boundaries of zero thickness, across which the displacements are discontinuous and the 
stresses are continuous. We compare the dispersive curves predicted by LISA with exact solutions 
for the acoustic and optical modes.  

2. FORMULATION OF THE THEORY 

Consider the one-dimensional wave propagation in a three-dimensional jointed plate shown in 
figure 1. The plate occupies the region [ , ]x a b∈ , | |y < ∞ , and | |z < ∞  consisting of a 
nonhomogeneous matrix material subdivided by periodically spaced joints. The joints are parallel, 
planar, periodically spaced surfaces of zero thickness, across which the displacements are allowed 
to be discontinuous. The joints are located  at  2nh , 2( 1)n h+ , 2( 2)n h+  and so on, n Z∈ , each 
joint having two faces identified by +  and − . Now let b a−  be small, but large enough that the 
interval [ , ]a b  contains many joints. Choose coordinates so that the waves lie in the ( , )x z  plane.  



25 Veturia Chiroiu, Viorica Iordache  

The plate is assumed to be in plane strain and to support waves running in the x -direction. A 
finite duration P  or S  pulse, with wavelength much larger than the cell dimension 2h , propagates 
obliquely through the plate on the face x a= .   

 
 

Fig.1. The jointed medium. 
 
The motion equations for the displacement field  ( , , )u x z t  and the stress field ( , , )x z tσ  are 

                                              ,ij j iuσ = ρ     ,  1,3i = ,                                                            (1) 

where the comma means differentiation with respect to the variable ix ( 1x x≡ , 2x y≡ , 3x z≡ ), the 
dot differentiation with respect to time and  ρ  is  the material density. Under plain strain conditions 
we have  2 0u = , 2,2 0u = . Non-vanishing displacements are 1u  and  3u . The matrix constitutive law 
is 

                                       2ij kk ij ijσ = λε δ + µε ,                                                             (2) 

                                       , ,
1 ( )
2ij i j j iu uε = +   ,  , , 1,3i j k = ,                                                (3) 

where ( )xλ and ( )xµ are the Lame moduli for the matrix. The stresses involved in the boundary 
conditions are 11σ  , 13σ  and 33σ . The stress continuity for the joint 2nh  is described as 

11 11(2 , ) (2 , )nh t nh t− +σ = σ , 

                                  13 13(2 , ) (2 , )nh t nh t− +σ = σ , for | |z < ∞ .                                          (4) 

The joint constitutive law for the joint 2nh  is 

       1 1(2 , ) [ (2 , ) (2 , )]ij ijnh t D u nh t u nh t− + −σ = − ,      , 1,3i j = ,                         (5)      

with 11 0 02D = λ + µ , 13 0D = µ  and 33 0D = λ , where 0λ , 0µ  are the elastic moduli for the joint. The 
relations (4) and (5) are verified by all the joints. The radiation condition is written as 

                             0i iju = σ =  ,  , 1,3i j =    for   ,y z →±∞ .                                            (6) 

By introducing the non-dimensional quantities 

x lx′=  ,  z lz′= , mt t t′= ,   u lu′= ,  mD ′σ = σ , 
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                                               m ′ρ = ρ ρ ,  mD ′λ = λ , mD ′µ = µ  ,                                      (7) 

with l  a typical macro-dimension, h  a typical micro-dimension, mρ  a reference material density, 

mt a typical macro  signal travel time  and mD  a reference modulus.  
The non-dimensional forms of (1)-(6) are by dropping the prime 
1. Equation of motion 

11,1 13,3 1uσ +σ = ρ , 
  13,1 33,3 3uσ +σ = ρ .                                                           (8) 

2. Matrix constitutive law 

11 1,1 3,3( 2 )u uσ = λ + µ + λ , 

33 3,3 1,1( 2 )u uσ = λ + µ + λ , 

                                              13 3,1 1,3( )u uσ = µ + .                                                               (9) 

3. Stress continuity for the joint  

11 11(2 , ) (2 , )n t n t− +σ ε = σ ε , 

                                           13 13(2 , ) (2 , )n t n t− +σ ε = σ ε .                                                    (10)  

4. Joint constitutive law 

        1 1(2 , ) [ (2 , ) (2 , )]ij ijn t D u n t u n t− + −σ ε = ε − ε  ,    , 1,3i j = ,                     (11) 

                                                    

with h
l

ε = .  

5. Radiation condition 
                   1 3 11 13 33 0u u= = σ = σ = σ =   for   ,y z →±∞  .                                   (12) 

 
The joint interface conditions (10), (11) are seen to be periodic in the x - direction with period 

2ε .  
 
Using the notation from Fig.2   the periodicity conditions are given by  

( , ) ( , )i iu h t u h t+ += − , 

                                               ( , ) ( , )ij ijh t h t+ +σ = σ − ,     , 1,3i j = .                                             (13) 

Here, the two faces of the joint 2x n= ε   are denoted by  h+  and  h− .  
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Fig.2. One cell. 
 

The periodicity conditions (13) together with the interface conditions (10)  leads to 

                   1 1( , ) ( , ) [ ( , ) ( , )]ij ij ijh t h t D u h t u h t+ − + −σ = σ = −   ,    , 1,3i j = .                (14) 

The longitudinal and shear wave velocities in matrix and respectively in joints are given by 

                          2 ( ) 2 ( )( )
( )P

x xv x
x

λ + µ
=

ρ
,  2 ( )( )

( )S
xv x
x

µ
=
ρ

 .                                        (15) 

We suppose that  , ( )P Sv x and ( )xρ  differ slightly from the constant values ,P Sv  and  ρ . We 
suppose the plate is immersed in an elastic fluid (water). In this case the incident pulse will be 
longitudinal. For a shear incident pulse water is replaced by polystyrene. 
 

3. REFLECTION AND REFRACTION OF THE PLANE WAVES AT JOINTS  

Consider the problem of a plane P  wave incident upon the plane  2x n= ε . Let the incident P  
wave has the form 

                                              1

3

( )P
P P

u
u f t x z

u
−ζ   

= = + ζ − ξ   ξ  
,                               (16)                                                           

where ( ) 0f s ≡  for 0Ps t x z= + ζ −ξ < , Pζ   and  ξ  are the x  and  z  components of  slowness 
in mode P    

                                           2 2
P Pζ = γ − ξ ,  1

P
Pv

γ =  .                                                     (17) 

Let the reflected waves are 

                                      11 11 ( )P
PP Pu R R f t x z

ζ 
= = − ζ − ξ ξ 

,                                      (18) 

and 

                                   12 12 ( )PS S
S

u R R f t x z
ξ 

= = − ζ − ξ −ζ 
,                                      (19) 

with 



 On the simulation of ultrasonic wave propagation in thin composite plates 28 

                                              2 2
S Sζ = γ − ξ ,  1

S
Sv

γ = ,                                                    (20)      

and 11R , 12R  the reflection coefficients from incident mode P  (mode 1) into scattered mode P  and 
respectively, into scattered  mode S  (mode 2 ). We use the conventional notation PP , PS  for 
P and S waves produced by reflection from an incident P . Let the transmitted waves are 

                               11 11 ( )P
PP P Pu T u T f t x z

′−ζ ′ ′= = + ζ − ξ ξ 
,                                       (21) 

and 

                                   12 12 ( )PS P S
S

u T u T f t x z
ξ 

′ ′= = + ζ − ξ ′ζ 
,                                       (22) 

with 

                  2 2
P P′ ′ζ = γ − ξ ,   2 2

S S′ ′ζ = γ − ξ ,  1
P

Pv
′γ =

′
  , 1

S
Sv

′γ =
′

 ,                          (23)      

and  11T , 12T  the transmission coefficients from incident mode P  ( mode 1) into scattered mode P  
and respectively, into scattered  mode S  (mode 2 ). The transmitted waves are denoted by prime. 

The waves field in the plate is formed by an infinite series of reflected and transmitted pulses. 
We suppose that all waves derive from the incident plane wave (16) and all the plane wave 
components have the same transverse slowness ξ .   

We consider now the stress continuity conditions for a   joint given by (14)  

11 11 11 11 11( , ) ( , ) ( , ) ( , ) ( , )P PP PS PP PSh t h t h t h t h t− − − + +′ ′σ + σ +σ = σ +σ , 

         13 13 13 13 13( , ) ( , ) ( , ) ( , ) ( , )P PP PS PP PSh t h t h t h t h t− − − + +′ ′σ + σ +σ = σ +σ ,                         (24) 

where the matrix constitutive law and the periodicity conditions are used for calculations the 
stresses. 

Consider, also, the relations (14) for the joint constitutive law written as 

11 11 11 1 1( , ) ( , ) [ ( , ) ( , )]PP PSh t h t D u h t u h t+ + + −′ ′σ + σ = −  ,                  

13 13 13 1 1( , ) ( , ) [ ( , ) ( , )]PP PSh t h t D u h t u h t+ + + −′ ′σ + σ = − ,                                     (25) 

 
where we use the conditions of periodicity.                                                              

The relations (24) and (25) form a system of four equations with four unknowns for each joint. 
From this system of equations, we obtain the scattering coefficients  11R , 12R and 11T , 12T  for each 
joint. 

For generalisation we introduce the following notation: 1 for right-going P  waves, 2 for right-
going S  waves, 3 for left-going P  waves and 4 for left-going S  waves. We denote the x - 
component of slowness in mode  i by  iγ  

                                       1 3 Pγ = −γ = γ  ,    2 4 Sγ = −γ = γ  .                                       (26)                                          
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We note by 2nS ε the scattering matrix at the joint  2nε   where 2n
ijS ε represents the reflection or 

transmission coefficient from incident mode i into scattered mode j . We suppose the waves are 
normalised by the square root of energy flux in the x -direction. For i j=  we have 

                                                       2 2 2

|

11 ( )
2

n n
ii ij

j j i
S Sε ε

≠

≅ − ∑ .                                              (27) 

As it travels the pulse is modified by transmission loss and by double scattering events. The 
double scattering is of the following type: an incident wave in mode i ,  say 1( )iu t x z− γ − ξ   
impinges on the joint 2( 1)n + ε  and produces a scattered wave in mode j , j i≠  

                       2( 1)
1( ( 2( 1) ) 2( 1) )n

ij j iS u t x n n z+ ε − γ − + ε − γ + ε − ξ ,                       (28) 

and again produces at the joint 2nε  a scattered wave in the original mode i  

    2 2( 1)
1( ( 2 ) (2 2( 1) ) 2( 1) )n n

ji ij i j iS S u t x n n n n zε + ε − γ − ε − γ ε − + ε − γ + ε − ξ .      (29) 

 
 

Fig.3. Three kinds of double scattering of the incident wave P. 
                                                      

The incremental change to a pulse in mode i which enters the interval ( , )x x x+ ∆ (which contains 
many joints) at x  as 1( , )iu x t x z− γ − ξ  and leaves at x x+ ∆  as  1( , ( ) )iu x x t x x z+ ∆ − γ + ∆ −ξ  is 
given by 

2

| |

1( , ) ( , ) ( ) ( , )
2

l
k k ij k

j j i l l J
u x x u x S u x

≠ ∈

+ ∆ τ − τ = − τ∑ ∑ , 

                                              
| ,

( , ( )( ))k l
ij ij i j l k

j j i k l L
S S u x x x

≠ ∈

− τ − γ − γ −∑ ∑ ,                                      (30) 

where  
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                        it x zτ = − γ − ξ ,  { | 2( ) }J l x n l x x= ≤ + ε < + ∆ ,  

                { , | 2( ) , (2( ) 2( ) ) 0}jL k l x n l x x n k n l= ≤ + ε < + ∆ γ + ε − + ε > .            (31) 

We neglect all other scattering events of higher order. Fig. 3 shows three kinds of double 
scattering for incident P  wave [6]. Similar calculations can be made for incident S wave as 

                                       1

3

( )S S
S

u
u f t x z

u
ξ   

= = + ζ − ξ   ς   
.                                        (32) 

We now proceed to discretize time and space [1]. We define an elementary time unit δ , so that 
the continuous time t   becomes tδ , with  0,1, 2,...t = and divide the propagation path into N  cells 

of length  2ε ,  2 b a
N
−

ε = . The joints are periodic in the x - direction with period 2ε . We label the 

node-points between cells with indices I , such that 1I =  and 1I N= +   correspond to x a=  and 
x b= , respectively.  The index 0I =  is reserved for the input of the source pulse at 0x = and  

2I N= +  for the output of the signal at x c= . 
Using the LISA formalism, we transform (16) into    

                             , 1 1, 1, , 1
I I

I t I t I t I tu T u R u u+ + − −= + − ,                                            (33) 

where IT and IR are the transmission and the reflection matrices for the point I calculated from 
(24) and (25). 

4. RESULTS AND CINCLUSIONS 

To test the efficacy of the LISA method we consider first the simple case when  3 0u = and 
( )xλ = λ , ( )xµ = µ . The exact dispersion relation for harmonic-wave propagation is obtained by 

assuming solutions of the form  
                                              ( , ) ( ) exp ( )u x t U x i kx t= −ω .                                              (34) 

The system of (24), (25) leads to the dispersion relation [8] 

11sin ( 2 ) 4 sin (2 (1 )) sin (2 (1 ))
2P P P P

D hkh kh kh kh
kv kv kv kv
ω ω ω ω

ε ε = ε + ε −
λ + µ

.          (35) 



31 Veturia Chiroiu, Viorica Iordache  

 
 

Fig.4. Dispersion curve for a) acoustic mode and b) the first optical mode. 
 

In Fig. 4a we compare the results for the dispersion of the acoustic mode for 
11

2 10
D h
λ + µ

= and in Fig. 

4b the results for the dispersion of the lowest optical mode on LISA model with the exact solution. 
Evidently, LISA provides a highly accurate model of dispersion. We mention, also, the agreement 
of LISA results with the results given by using the homogenised model developed by Shkoller, 
Maewal and Hegemier in [8]. 

Next, we apply LISA to the case of a plane P  wave incident at 015θ = as it traverses a plate of 
10, 20, 40 and 60 joints.  On entering the plate the pulse is gaussian. In figure 5 this pulse measured 
in the observer x c=  is represented after travelling the joints. We observe the progressive 
broadening of the pulse in perfect agreement with the results of Burridge and Chang [6].  The 
calculus was performed for 32700 /Kg mρ = , 3080 /Sv m s= , 6260 /Pv m s= , and for each cell 

1, 2...J N=  we  have taken  ( )Jρ = ρ + δ , ( )S Sv J v= + δ  , ( )P Pv J v= + δwith a random 
[ 20,20]δ∈ − . For the joints we have taken 112 10D hλ + µ == , 1310D hµ =  and 3310D hλ = . 

 

 

Fig. 5. Aa P impulse incident after traveling10, 20, 40, 60 joints. 
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We add that there is an increasing interest in analysis of jointed composite structures for a 
variety of applications in different industries.  The jointed media are viable technique for designing 
of composite materials. 

An accurate composite jointed medium analysis method must be able to predict failure in the 
material and must also account for nonlinear material behaviour. 
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